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Abstract: The importance of study on constitutive model of statically loaded rock experiencing dynamic load is set forth, and the
studying methods on dynamic constitutive model are classified according to the current studying status. By way of combining
statistic damage model and viscoelastic model, uni-axial and multi-axial constitutive models of statically loaded rock experiencing
dynamic load (static-dynamic coupling constitutive model) under intermediate strain rate are established. The verification experiment
on 2D constitutive model under different static stress and dynamic stress with different frequencies is designed and performed. It is
found that there is a good agreement between the experimental stress-strain curves and the theoretical stress-strain curves.
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1 Introduction
Rock fragmentation, boring, explosive, rockburst
etc in engineering domain of mineral are almost
concerned with cracking of rock experiencing dynamic
loading, and a plenty of results have been obtained[1].
But the related studies are almost limited to the case that
rock undergoes dynamic load completely. In fact, a quite
number of rocks in engineering practice, for example in
excavating of mineral, have been on the state of bearing
static stress or ground stress before rocks undergo
dynamic load. However, the study on influence of static
stress on the properties of deformation and fragmentation
of rock experiencing dynamic load is deficient. So the
study on the constitutive properties and fragmentation
rule of rock undergoing coupled static-dynamic load
should be attached importance to.
At present in the domain of rock mechanics, the
studies on rock experiencing either static load only or
dynamic load only have made great progress[2−16]. But
there is very few studies on rock experiencing
static-dynamic load until now[17−20], and in special,
there is little literature[21−25] concerning rock under

static-dynamic coupling loading at the same direction,
and the same taking different confining pressure into
account under static-dynamic coupling loading at the
same direction. The literature is mostly about studies on
failure and fracture of rock under static-dynamic
coupling loading and the study on 1D and 3D
constitutive model of rock under static-dynamic coupling
loading.
Meanwhile there are many experiments and
theoretic analyses on static constitutive relation of rock
at low strain rate ( ε& ＜10−4/s) and constitutive equation
for rock at high strain rate ( ε& ＞102/s), but few between
both rates above because of limitation of experimental
conditions and technique[19].
The studies in the past indicate that the dynamic
constitutive model of rock is the basic parameter to
analyze the response of rock mass to dynamic
loading[26−31]. The deformation of material such as
rock is not only related with the state of stress, but also
related with loading rate[32−37].
The studies on constitutive equations considering
the effect of strain rate may be sorted into four kinds.
1) Experience and half-experience model[38−40].
Those based upon the rule deduced from experiment or

Foundation item: Projects(10472134; 50490274; 50174056) supported by the National Natural Science Foundation of China; Project(2005038250)
supported by China Postdoctoral Science Foundation
Corresponding author: LI Xi-bing; Tel: +86-731-8836628; E-mail: xbli@mail.csu.edu.cn

LI Xi-bing, et al/Trans. Nonferrous Met. Soc. China 16(2006)

combination of experiment and some theoretic analysis
belong to this sort. Because of the complexity of rock
properties and the brevity of dynamic loading, only a few
of them are recognized as theoretic analysis results.
2) Mechanical model[41−42]. Properties of rock
material undergoing uniaxial dynamic load are quite
similar to that of model composing of elastic
components and viscoelastic components according to
certain regulation, so it is possible to establish
differential dynamic constitutive equation of rock
material undergoing dynamic load and whose
coefficients are determined by test. The representative
model should be excessive-stress model. Although this
kind of model is able to represent the effect of strain
rate, it is impossible to explain the effect of strain rate
to strength, furthermore it is impossible to express the
relation between stress and strain after peak value of
stress.
3) Damage model. Damage model includes
describing relation of stress and strain by way of macro
theory and meso theory[43]. The macro theory model
based on continuum damage mechanics defines damage
variable using a vector, scalar quantity or tensor, then
establishes macro constitutive model of material by way
of damage variable. Although the model based on macro
theory is able to express complete stress-strain curve, the
effect of strain rate of rock deformation can’t be
expressed, and it isn’t still solved that how many
parameters should be used to describe the damage state
of certain point, furthermore, it is questionable that how
to determine the evolution law of damage variable. Meso
theory describes forming core, propagation and
converging of micro crack using related theory such as
damage fracture mechanics, meso theory and fractal and
expresses the change of macro mechanical properties by
the same way mentioned just now[44].
4) Combination model[32,37, 45−47]. According to
the deformation properties of rock, the above methods
are combined to describe the deformation rule of rock.
This sort of model is able to express the true deformation
properties of rock, so it is often used.
There is a good agreement between the
experimental data and the theoretical constitutive curve
in literature[35] adopting the combination model, but the
theoretical constitutive curve isn’t able to represent the
influence of the primitive rock’s stress state, that is, it
can’t describe the deformation properties of rock under
static-dynamic coupling loading. So, the combination
model established by Ref.[35] is also used in this study
to discuss the deformation rule of two-dimensional
statically loaded rock experiencing dynamic loading of
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medium strain rate.

2 Constitutive model of statically and dynamically coupling loaded rock
2.1 Basic hypothesis
1) Inertia effect is neglectable under medium
rate[1].
2) Rock occupies the characteristics of both
statistical damage and visco-liquid, and may be regarded
as a combination of damage mass Da and visco-piston ηb,
illustrated as Fig.1.

Fig.1 Rock unit model

3) Damage mass Da characterizes isotropy of
damage, linear elasticity before damage, whose average
elastic module is E, whose strength is obedient to the
statistical distribution with parameters (m, α). The
damage variable D may be expressed as the following
two types according to the stress state of rock:
For 1D loading[32, 48]:
D = 1 − [(ε a /α ) m + 1]exp[−(ε a /α ) m ]

(ε a ≥0)

(1a)

For 2D and 3D loading[37, 49]:
D = 1 − exp[−(ε a /α ) m ] (ε a ≥0)

(1b)

Constitutive relation σ—ε may be expressed as

σ a = Eε a (1 − D )

(ε a ≥0)

(2)

4) Visco-piston is without properties of damage,
which is obedient to the constitutive relation:

σ b = ηdε b /dt

(3)

5) Element mass is viscoelastic mass before
damage.
6) The relation between stress σ and strain ε is
obedient to linear differential equation, and the
superposition principle of strain is available[41,42].
7) The constitutive equation may be obtained
according to equivalent principle of strain.
2.2 Constitutive model of uniaxial statically loaded
rock subjected dynamic load
The relation between stress and strain of
combination mass is obedient to
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⎧σ = σ a1 + σ b = σ a2
⎪
⎨ε = ε 1 + ε 2
⎪ε = ε
b
⎩ 1

(4)

σ (t + t 0 ) = (1 − D)(ε 0 + ε r (t )) E 2 (1 −

Put the constitutive relation of damage mass and
visco-piston into Eqn.(4), get the constitutive relation of
combination:
ησ& + [E1 (1 − D ) + E 2 (1 − D )]σ =
E 2 (1 − D )[ηε& + E1 (1 − D )ε ]
(5)
It is found from Eqn.(5) that the damage
constitutive relation may be gotten from viscoelastic
constitutive relation by substituting the elastic module E
of damage mass before damage with available elastic
module E(1−D).
In order to evaluate Eqn.(5), don’t consider the
properties of damage first. According to Eqn.(5), get the
viscoelastic constitutive equation of combination mass as

ησ& + ( E1 + E 2 )σ = E 2 (ηε& + E1ε )

(6)

Suppose that at the beginning of dynamic load t=0,
because rock undergoes static load, the state of stress
isn’t naught, viz when t=0, ε(0)= ε0, σ(0)=S. Considering
the first state, by LAPLACE transformation get

σ (t + t 0 ) = E 2 ε (t + t 0 ) −
e

−

E1 + E2

η

(t + t0 −τ )

E 22

η

t

∫ 0 ε (τ + t 0 ) ⋅
(7)

dτ

where t0 is time at which the stress state of rock is
naught, and the static stress begins to load, here
σ (t 0− ) = 0, ε (t 0− ) = 0 ( t 0− is the time tending towards t0
in direction of less t0).
If ε(t+t0)=ε0+εr(t)=ε0+ct(c is the rate of strain, that is
constant), according to Eqn.(7) get

σ (t + t 0 ) = [ε 0 + ε r (t )]E 2 (1 −

−
E2
e
E1 + E 2

−
E2 2
ηc
(ε 0 −
)e
E1 + E 2
E1 + E 2

E 2 2ηc
( E1 + E 2 ) 2

isotropy damage mass undergoing static-dynamic
coupling load:

e

−

E1 + E2

η

E1 + E2

η

t0

)+

E1 + E2 ε r (t )
+ t0 ]
[
η
c

+

t0

(8)

Substitute E1 and E2 in Eqn.(8) with E1[1−D(t+t0)]
and E2[1−D(t+t0)], according to Eqn.(1a), D(t+t0) is
D(t + t 0 ) = D =
⎡ ⎛ ε + ε (t ) ⎞ m ⎤
⎡⎛ ε + ε (t ) ⎞ m ⎤
r
r
1 − ⎢⎜⎜ 0
⎟⎟ ⎥
⎟⎟ + 1⎥ exp ⎢− ⎜⎜ 0
α
α
⎢⎣ ⎝
⎢⎣⎝
⎥⎦
⎠ ⎥⎦
⎠

(9)

Then get uniaxial constitutive equation of

e
e

−

−

(1− D )( E1 + E2 )

η

t0

) + (1 − D)

(1− D )( E1 + E2 ) ε r (t )
[
+ t0 ]
c
η

+

E2
⋅
E1 + E 2

E 22
ηc
(ε 0 −
)⋅
(1 − D)( E1 + E 2 )
E1 + E 2
E 22ηc

( E1 + E 2 )

2

e

−

(1− D )( E1 + E2 )

η

t0

(10)
In the above equations, according to analysis of
experimental data and operation of theoretical
constitutive model, it is found that the value of E1 may
be replaced by elastic module Eq of rock experiencing
static load because E1 is approximately equal to Eq; the
value of E2 may be replaced by linear elastic module Eqd
of rock experiencing static-dynamic coupling loading at
different strain rates because E2 is approximately equal to
Eqd; m is the form coefficient of the distribution curve of
probability which is about 4−6; α is the complete
strain corresponding to peak stress; η ranges from 0 to
1 000 GPa·s, furthermore, it hasn’t influence on the
stress-strain curve choosing any value of η above; t0 is
the tested time duration of static loading; εr(t) is the
strain caused by static-dynamic coupling loading; ε0 is
the initial strain caused by imaginational value S of the
static-dynamic coupling load, if σ(t+t0)=σ0+σt, according
to the initial condition, from Eqn.(8) get
σ(0)=σ0=S=ε0E2

(11)

ε0=S/Eqd

(12)

There are two purposes using the initial strain
caused by imaginational static-dynamic coupling load S
to substitute the true strain: 1) make the beginning point
of stress-strain curve and static load S be superposition; 2)
reduce the effect of elastic strain on damage during
calculation. To do it in this way makes the fitting
stress-strain curve to be more alike to experimental
curve.
In a word, carrying through the numerical operation
of the model above, five parameters , E1, E2, m, α, η are
needed to be determined, by analyzing the tested data,
and even by trial calculation. The tested data of strain
εr(t), strain rate c and initial t0 should be used.
When ε0=t, t0=0, Eqn.(10) may represent the
constitutive relation of rock undergoing uniaxial
dynamic load, here

σ (t ) = (1 − D)

E1 E 2 ε r (t )
E 22ηc
+
⋅
E1 + E 2
( E1 + E 2 ) 2

{1 − exp[−(1 − D)

ε r (t ) ( E1 + E 2 )
]}
η
c

(13)
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3K ( E1 + E 2 ) + E1 E 2
(3K + E 2 )η

(22)

2.3 Constitutive model of rock subjected to triaxial
static-dynamic coupling loading
1) Constitutive relation of unit mass before damage
According to hypothesis (5), the stress-strain
relation of a 3D rock mass may be expressed as[42, 50]:
Sij=2Geij

(14)

σm=3Kεm

(15)

where Sij is partial tensor of stress, the relation between
Sij, stress tensor σij and spherical stress tensor σm is
σij=Sij+δijσm
(16)
where eij is partial tensor of strain, the relation between
eij, strain tensor εij and spherical strain tensor εm is
εij=eij+δijεm

(17)

where δij is the sign of DIRAC; G is shear module; K is
volume module.
According to hypothesis (6), the constitutive
relation of viscoelastic mass may be expressed as the
common format as follows[42]:

f (d )σ = g (d )ε

(18)

where f(d) and g(d) are the multinomials of d and d is
the differential coefficient of time.
The extending of Eqn.(18) to tri-axis is to substitute
Eqn.(14) and Eqn.(15) as follows
f (d ) S ij = 2 g (d )eij

(19)

f1 (d )σ m = 3g1 (d )ε m

(20)

where f(d) and g(d) are related with aberration; f1(d),
and g1(d) are related with hydrostatic stress.
Eqn.(19) and Eqn.(20) are the linear constant
differential coefficient equations that must be solved
coupling with stress balance equations and boundary
conditions.
According to the above principle, the 3D
constitutive equation of viscoelastic mass undergoing
static-dynamic coupling loading is derived as
follows[25]:

σ z (t + t 0 ) =

E − βη
9 KE 2
{η[ε z 0 + ε r (t )] + 1
⋅
β
(3K + E 2 )η

[ε z 0 + ε r (t ) − c]e
S x0 + S y0
2(3K + E 2 )η

Thereinto

− βt0

{γ + δe

−

E1 − βη

−β [

β

ε r (t )
c

+t0 ]

(ε z 0 − c)e

−β [

ε r (t )
c

+ t0 ]

β=

γ=

3K ( E1 + E 2 ) − 2 E1 E 2

(23)

β

δ = (3K − 2 E 2 )η − γ

(24)

When Sx0=0 or Sy0=0, the 3D constitutive equation
above may be expressed as the constitutive relation of
two dimension statically loaded rock undergoing
dynamic load.
When Sx0=Sy0=Sz0, the 3D constitutive equation
above may be expressed as the constitutive relation of
triaxial dynamically loaded rock during confining
pressure is loaded by triaxial experimental machine.
2) Constitutive relation of unit mass after damage
The fragmentation format of rock behaves
commonly shear yield under condition of triaxial stress.
According to Ref.[51], suppose that the fragmentation of
unit mass complies to COULOMB criterion. On the basis
of it, according to Eqns.(1) and (2) the damage variable
of rock under 3D static-dynamic coupling loading may
be expressed as follows referring to the damage variable
determined by Ref.[49]:
D = 1 − exp{−[ε z / α − (
(

σ x0 + σ y0
2

1 + sin ϕ
− 2ν ) ⋅
1 − sin ϕ

) /( E 2α )] m }

(25)

where φ, υ is interior friction angle and POSSION’s ratio
respectively, the meaning of other signs are the same as
before.

1 + sin ϕ
⎧
⎪For D = 1 − exp{−[ε z / α − (1 − sin ϕ − 2ν ) ⋅
⎪
σ x0 + σ y 0
⎪
(
) /( E 2α )]m }
⎪
2
⎪
⎞ σ x0 + σ y 0
⎛ 1 + sin ϕ
⎪⎪
− 2ν ⎟⎟
⎨ε z > ⎜⎜
2E 2
⎠
⎝ 1 − sin ϕ
⎪
⎪For D = 0
⎪
⎪
⎞ σ x0 + σ y 0
⎛ 1 + sin ϕ
− 2ν ⎟⎟
⎪ ε z ≤ ⎜⎜
2E2
⎠
⎝ 1 − sin ϕ
⎪
⎪⎩

(

(

)

(26)

)

According to hypothesis (7), LEMAITRE principle
of strain equivalent is applicable. Applying Eqn.(26) to
}+

Eqns.(21)−(24) in which E1, E2 and K are substituted by
E1[1−D(t+t0)], E2[1−D(t+t0)] and K[1−D(t+t0)] respec-

}

(21)

tively, isotropy 3D damage constitutive equation of
viscoelastic material under static-dynamic coupling
loading. Hereinto, D(t+t0) is
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static load is not recorded).

D(t + t 0 ) = D = 1 − exp{−[(ε z 0 + ε r (t )) /

α −(

σ x0 + σ y0
1 + sin ϕ
) /( E 2α )] m }
− 2ν )(
1 − sin ϕ
2

(27)

Determining the constitutive relation of two
dimension statically loaded rock under dynamic load,
Eqns.(25)−(27) are applicable.
In the above equations, E1 is the elastic module of
rock experiencing static load, E2 is the linear elastic
module of stress-strain curve of rock experiencing
static-dynamic coupling load at average strain rate c; it is
found by referring to Refs.[32,37] and trial calculation
that m is the form coefficient of the distribution curve of
probability which is about 5−20 for 2D, about 0.5−1 for
3D; α is the complete strain corresponding to peak stress;
η is the visco-coefficient which about 1000 for 2D,
ranging from 0−1 000 GPa·s for 3D, furthermore, it
increases with increase of the average strain rate c; t0 is
the tested value of static loading duration; εr(t) is the
strain caused by static-dynamic coupling loading; εz0 is
the initial strain caused by imaginational value Sx0, Sy0,
Sz0 that are static-dynamic coupling loads; σz(t+t0) is the
static-dynamic coupling stress when t≠0; interior friction
angle φ and POSSION’s ratio υ are determined by test,
volume module K is obtained according to equation
K=E2/3(1−2υ).
In a word, compared with the uniaxial constitutive
equation, besides 5 parameters , E1, E2, m, α and η, 3
parameters , interior friction angle φ and POSSION’s
ratio υ and volume module K need to be determined if
the 2D and 3D constitutive equations need to be
determined. The determination method of other
parameters is the same as the uniaxial constitutive
equation.

3 Experimental verification
The verification experiment of rock under 2D
static-dynamic coupling load was done by way of low
cycle fatigue loading. Red sandstone is used as specimen
material, whose elastic module E1=3.34 GPa, interior
friction angle φ=60˚, visco-coefficient η=1 000 GPa·s.
The experimental equipment is made up of Instron 1342
electro-servo controlled testing system and horizontal
static pressure loading device made by ourselves and
shown as Fig.2. The constitutive relation of red
sandstone experiencing 2D static-dynamic coupling load
was studied under different horizontal static pressures
and different vertical static pressures and dynamic loads
of different frequencies. The results are shown in
Figs.3−5 respectively(the 0 point of strain is that of static
load and dynamic load to couple, the deformation of

Fig.2 Horizontal static pressure loading device: 1 Sample;
2 Vertical loading device of Instron 1342; 3 Hydraulic system
of device; 4 Horizontal loading box; 5 Vertical loading device
of Instron 1342

Fig.3 shows the experimental and theoretical
stress—strain curves of red sandstone under 2D
static-dynamic coupling loading with invariable vertical
static stresses of 12 MPa, and different horizontal static
stresses of 0, 2, 4, 6, 8 MPa respectively. It is found from
Fig.3 that there is disturbance near the peak value of
stress of tested stress—strain curves, which is caused by
shearing and sliding of rock and isn’t able to be
expressed using theoretical stress—strain curves; the
value of elastic module of theoretical stress—strain
curves are commonly little more than that of
experimental stress—strain curves; with the increase of
static stress, the theoretical stress—strain curves after
peak values of stress move commonly to left because of
shearing and sliding; after peak values of stress of curves,
tested curves change largely, theoretical curves are more
smooth.
Fig.4 shows the experimental and theoretical
stress-strain curves of red sandstone under 2D
static-dynamic coupling loading with invariable
horizontal static stress of 8 MPa and vertical static stress
of 12 MPa, and different dynamic load frequencies of 0.1,
0.5, 1.0, 1.5, 2.0 Hz respectively. It is found from Fig.5
that there is disturbance near the peak value of stress of
tested stress—strain curves, and isn’t able to be
expressed using theoretical stress-strain curves; also, the
value of elastic module of theoretical stress—strain
curves are commonly little more than that of
experimental stress-strain curves; the peak values of
stress of the experimental and theoretical stress—strain
curves are approximately equal; after peak values of
stress of curves, tested curves change largely, theoretical
curves are more smooth.
Fig.5 shows the experimental and theoretical
stress-strain curves of red sandstone under 2D
static-dynamic coupling loading with invariable hori-
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Fig.3 Experimental and theoretical 2D stress-strain
curves of red sandstone experiencing different
horizontal static stresses

zontal static stress of 8 MPa, and different vertical static
stresses of 6, 12, 18, 24 MPa respectively. It is found
from Fig.5 that there is larger disturbance near the peak
value of stress of tested stress—strain curves, which is
caused by shearing and sliding of rock and isn’t able to

be expressed using theoretical stress—strain curves;
because of shearing and sliding, the theoretical
stress-strain curves move commonly to left, in order to
decrease error, the average values of strain corresponding
to that of shearing and sliding should be used as the
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Fig.4 Experimental and theoretical 2D
stress-strain curves of red sandstone
experiencing different frequency of dynamic
stress

fitting parameter α of theoretical constitutive curves; also,
the value of elastic module of theoretical stress-strain
curves are commonly little more than that of
experimental stress—strain curves; the peak values of the

stress of the experimental and theoretical stress-strain
curves are approximately equal; after peak values of
stress of curves, tested curves change largely, theoretical
curves are more smooth.
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Fig.5 Experimental and theoretical 2D stress—strain curves of red sandstone experiencing different vertical static stresses

4 Conclusions
By way of combining statistic damage model and
viscoelastic model, 1D and 2D and 3D constitutive
models of rock experiencing static-dynamic coupling
loading are established. The verification experiment on
2D constitutive model under different static stresses and
dynamic stresses with different frequencies are designed
and performed. It is found that there is a good coherence
between experimental stress—strain curves and
theoretical stress—strain curves. Because of limitation of
current technique, the systematic experimental
verification for 3D constitutive models of rock waits to
be performed, and it is significative to do such
experiment.
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